A bug Bug p,q1,q2 is a graph obtained from a complete graph K p by deleting an edge uv and attaching paths P q1 and P q2 at u and v, respectively. In this paper, we show that for connected graphs G of order n with signless Laplacian index q 1 (G) and diameter diam(G), q 1 (G) · diam(G) is maximized for and only for the graph Bug n/2 +2,p,q , where p = d/2 , q = d/2 and d = (n + 1)/2 . This solves a conjecture in [6] on the signless Laplacian index involving the diameter.
Introduction
Let G = (V, E) be a (simple) graph on vertex set V = {v 1 . . , q n (G), and assume that q 1 (G) q 2 (G) · · · q n (G). Since Q(G) is nonnegative, q 1 (G) is equal to the spectral radius of Q(G) and is referred to as the signless Laplacian spectral radius or the signless Laplacian index of G.
In recent years, the signless Laplacian indices has received increasing attention (see [2] [3] [4] [6] [7] [8] 12, 13] ). Chang and Tam [1] determined graphs with the maximum signless Laplacian index over the class of graphs with m edges and m − k vertices (k = 0, 1, 2, 3). Ye, Fan and Wang [12] characterized the graphs which maximize signless Laplacian index among all graphs with fixed order and given vertex or edge connectivity. Recently, Hansen and Lucas [6] proposed some conjectures on the signless Laplacian index. He, Jin and Zhang [8] presented a sharp lower bound for the signless Laplacian radius of graphs in terms of clique number, and disprove two conjectures (see [6] , Conjectures 29 and 31). The purpose of this paper is to solve one conjecture on the signless Laplacian index which involves the diameter of graphs (see Conjecture 1.1).
Given a graph G and a family of graphs H = {H v } v∈V (G) , indexed by V (G), their generalized lexicographic product, denoted by G [H] , is defined as the graph with vertex set
and edge set [6] ) is a graph obtained from a complete graph K p by deleting an edge uv and attaching paths P q 1 and P q 2 at u and v, respectively. Then For n = 10, according to Conjecture 1.1, the optimal graph is Bug 6,3,3 . But we have found that
= (9.7369541)(6) = 58.4217246
so the conjecture, as stated, is incorrect. However, we will prove the following amended version of the conjecture. 
Preliminaries
We first give some lemmas that will be used in the proof of our results. Note that if H is proper subgraph of a connected graph G, then q 1 (H) < q 1 (G) (see, for instance, [ 
The signless Laplacian index of the bug Bug p,2,2 is the largest real root of the equation [11] .) On the other hand, since the mapping on V (Bug p,2,2 ) that interchanges u and v (also, u and v ) and fixes the remaining vertices is an automorphism, by [11, Theorem 3.4] we also have x u = x v and x u = x v . So we have
A little calculation shows that the positive vector (u , u, w) T is an eigenvector of the irreducible nonnegative matrix
corresponding to q 1 and the characteristic polynomial of the latter matrix is
So q 1 equals the spectral radius of the said matrix, and hence is the largest real root of the said cubic polynomial. 2 Proof. Note that Bug n−D+2, D/2 , D/2 contains the graph K n−D+2 − e as its induced subgraph. Hence, by Proposition 2.1(i), we have
By an argument similar to the proofs of Lemma 3.4 in [9] and Lemmas 3.2 and 3.3 in [5] , we have the following result. 
. Fig. 1 ). Let q 1 = q 1 (G * ) and let X be the Perron vector of Q(G * ) with coordinate x i corresponding to vertex v i , and let
for 1 j t − 2 and 4x j+1 < x j for t + 1 j D. Thus
From Lemma 3.2(ii) in [11] , we find that
where c i is defined as in Lemma 2.3 and c 0 = q 1 (G). Note that c t−2 > 9 2 , and hence if
Since n − D 3, we have
and hence, by ( * * ), the lemma holds. So we
On the other hand, we have
where
.
2 ) is a quadratic function in x t−2 (resp., in x t+2 ), and its minimum value is
(resp.,
). For a similar reason, inequality (2) also holds. 2
Results
Let G (n, D) = {G: G is a connected graph of order n and with diameter D}. In this section, we will first characterize the signless Laplacian index over graphs in the class G (n, D). 
Proof of Fact 2. Suppose that
for 2 i D. As a consequence, we obtain
Fact 3. There exists some j 0 , 2 j 0 D such that
Proof of Fact 3. By Proposition 2.2 and Lemma 2.1, we have 2Δ
On the other hand, Δ = max{n 2 , n D , n i−1 + n i + n i+1 − 1: i = 2, 3, . . . , D}. Note that n i 1 for 1 i D+1 and
where the last inequality holds by (4) . Thus the two inequalities both become equalities and we have n i = 1 for i = j 0 −1, j 0 , j 0 +1 and Δ+D = n+1. Also,
By Fact 3, we may assume that n j 0 −1 +n j 0 +n j 0 +1 = n−D+2 for some j 0 , 2 j 0 D and 
2, which is a contradiction with the choice of G. So we assume that
On the other hand, if j 0 = 3, then q 1
, and thus, by (3),
is defined in Lemma 2.3, and hence
Recall that n j 0 −1 > 1, and hence, by (3),
By Fact 4 and the fact that
Proof of Fact 5. Suppose that n j 0 > 1 and n j 0 +1 > 1. Set
Thus, in either case, we arrive at a conclusion which contradicts the choice of G. 2 
which is a contradiction. 2
By symmetry, without loss of generality, we assume that 
On the other hand, by
and since k D − k, we have
Recall that c i > c i+1 > 2 and
By (7), we have x 2 x D+1 . By Lemma 2.2, 
Proof. Denote Bug
. Hereafter, we assume that n 4.
Note that
, if n is even;
where the first equality follows from Proposition 2.
and
. By calculation (see Appendix A(I), (II)) one can show that
when n is even but with equality when n = 4 and
when n is odd.
If diam(G) = 1, then G ∼ = K n and q 1 (G) = 2n − 2, and thus
If diam(G) = 2, then by Theorem 3.1 and Proposition 2.1(i) we have
and hence
, then by Theorem 3.1, we have q 1 (G) < q 1 (Bug * n ), i.e.
So we assume diam(G) = 
We consider two cases. Thus
By (8), we have
where the second inequality holds as diam(G)
Case 2. n is even. i.e., the theorem holds for n = 4, 6. So we assume that n 8. By calculus one readily shows that the latter inequality holds for n 8. Hence the desired inequality follows.
If diam(G)
n
